Introduction.
The problem of measure in groups is the problem of defining a left-invariant measure, with specified properties, in a given group. It is a special case of the general problem of defining a measure in a set with a given congruence relation (l). In a topological group it is natural to require that the measure be defined at least for all Borel sets, and therefore to consider Borel measures. By a Borel measure we understand a countably additive non-negative set function defined for all (and only for) Borel sets. It may assume the value + oo but is required to be finite and positive for at least one set. In addition, we require always that points have measure zero. A Borel measure mina group G is left-invariant if m(xA) =m(A) for every Borel set A C.G and every element #£G. The present paper is devoted to a study of the existence and possible properties of such measures.
In locally compact separable groups the problem of measure, with the added requirement that the measure be locally finite, was solved by Haar [7] , as is well known. Moreover, Haar's measure is unique in the sense that (except for a constant factor) it is the only locally finite left-invariant Borel measure in such a group (see von Neumann [17] ). However, a great variety of measures which are not locally finite always exist, as we shall see.
The present paper contains a solution of the problem of measure in complete separable metric groups. (By a metric group we mean a topological group with a metrizable topology. It is complete if it is a complete space with respect to some metric.) It will be shown that there exists a left-invariant Borel measure in any such group, unless the group is countable, but that a locally finite measure is possible only if the group is locally compact. This makes it possible to state Haar's theorem in the following generalized form. In a complete separable metric group there exists a locally finite left-invariant Borel measure if and only if the group is locally compact and dense in itself.
The problem of measure in complete metric groups is solved here by a construction which differs considerably from Haar's and makes no use of his result, though it utilizes only fairly standard techniques. Other constructions, based partly on Haar's theorem, are discussed, but it is shown by examples that these methods are not universally applicable. Weil's theory [24, Presented to the Society, September 17, 1945 ; received by the editors November 12,194S. 0) See, for example, Banach [2] , Loomis [15] , and Maharam [16] . Numbers in brackets refer to the Bibliography at the end of the paper. [September pendix I] of measure in groups is considered in some detail, with a view to evaluating its significance for the problem of measure under consideration. It is believed that this investigation throws considerable light on the limitations of Weil's theory by exhibiting the possibility of measures that fail to satisfy his postulates, and by showing that in some cases it is impossible for a Borel measure to satisfy them.
Finally, a number of examples are considered in the light of the general theory. In particular, it is shown that in the additive group of real numbers one can introduce a large variety of different topologies, with invariant measures that range from the most regular to the most pathological.
2. The impossibility of a locally finite measure. The generalized form of Haar's theorem stated above is an immediate consequence of the following theorem, the proof of which is due to S. Ulam (2) . Theorem 1. Let G be any complete separable metric group which is not locally compact, and let m be any left-invariant Borel measure in G. Then every neighborhood contains non-denumerably many disjoint mutually congruent sets of equal finite positive measure.
Two sets A and B are said to be congruent if there exists an element xÇzG such that B=xA.
We first establish a lemma which belongs to the general theory of measure in complete separable spaces and has nothing specifically to do with groups. This result can be proved on the basis of a theorem of Kuratowski [14, p. 231] , which asserts that any Borel subset B of a complete separable space can be represented as a one-to-one continuous image of another complete separable space E by a mapping/ whose inverse is Borel measurable. Such a mapping / defines a finite Borel measure ß in E, namely the measure uA = m(JA). But if /* is any finite BoreJ measure in a complete separable space E, then for each positive number « there exists(3) a compact set CCZE such that ¿uC=/*£ -e. Hence m(fC) ^mB -e, and since fC is a compact subset of B the lemma is proved. Now, to prove Theorem 1, consider the given topological group G with left-invariant measure m, and let U be an arbitrary neighborhood. By hypothesis, there exists a Borel set B with finite positive measure. Since the space is separable, a countable number of sets of the form «//suffice to cover (2) The author wishes to thank Professor Ulam for permission to use this result, and also for numerous helpful suggestions and remarks.
(3) See [19, p. 561 , footnote 3]. The paper there referred to was never published, but the proof is entirely contained in this footnote.
G~ Consequently at least one of these sets, say a U, intersects B in a set of positive measure. Therefore a-IBn U is a Borel subset of U with finite positive measure. By Lemma 1, this contains a compact set C with O<mC<oo.
Consider the subgroup GI generated by the set C. Observe first that the group product CIC! and the set CI-I of inverses of elements of CI are both compact if the sets C) and C2 are compact. Starting with the set C, form the sets CI=CVC-I and C"+I=C"C,,, n~1. All these sets are compact, and their union U"C" consists of all finite products of elements of Cor C-I and is therefore equal to GI • Now, in a non locally compact group any compact set is nowhere dense. Consequently GI is of first category in G, and likewise each of its left-cosets. Let V be a neighborhood of unity so small that vce U. The leftcosets of GI corresponding to elements of V cover V. Since V is of second category, and the left-cosets of GI are mutually disjoint, V must contain nondenumerably many elements belonging to distinct left-cosets of GI • Each of these cosets contains a set congruent to C and contained in U. Hence U contains non-denumerably many disjoint sets of the form xC, which proves Theorem 1.
By a refinement of the foregoing reasoning we can prove the following stronger theorem. To prove this, let U, C, and V be defined as in the proof of Theorem 1. Then CC-I is a compact and nowhere dense set. It is therefore possible to find a sequence {an} of elements of V such tliat a,,-+e and a"EECC-I . Consider the countable set of all products of the form (2.1)
and let r denote the closure of this set. If the sequence {an} tends to e sufficiently rapidly, we shall show that the set r is homeomorphic to the Cantor set, that it is contained in V, and that r-I rncc-I contains only the element e. This last property implies at once that if x and yare distinct elements of r, then the sets xC and yC are disjoint. Consequently rc is a compact subset of U that fulfills the requirements of Theorem 2.
In order that the set r shall have the desired properties, it is sufficient to start with any sequence {an} such that a,,-+e and a .. EE CC-I , and take 'for {an} the subsequence defined inductively as follows. Let al be the first element of the sequence {an} such that the sphere about e with radius 2p(e, aI) is contained in V. If aI, ai, ... , an have already been defined, let An denote the finite set consisting of the elements of the form (2.1) for fixed n, let d" denote the minimum distance between distinct points of An, and let [September 4ô" denote the smallest of the three positive numbers p(an, CC~L), p(an~1, CC~X), and d". Then define an+i as the first element of the sequence {än} such that each of the distances p(a, aan+i), p(a, aP+i_1a), p(a, an+i~1aan+i) is less than c5" for every a(E-<4"-1.4n. Such an element exists, since any element sufficiently near e fulfills these conditions. To verify that the set T determined by the sequence \an] has the required properties, note first that since eÇ:Arr1An we have p(e, an+i)<5", dn+i^p(e, an+i), and therefore 5"+i<¿5"/4. It is easy to see that the sequence of elements xn of the form (2.1) corresponding to any sequence {i"} (in = 0, 1) converges to an element x in T, since p(xn, xn+p) <ô"+ô"+i+ • • ■ + 5"+p_i<(4/3)5". Moreover, if {i"} and {j"} are distinct sequences, and k is the first index for which ik^jk, the corresponding points x and y in T are separated by a distance at least equal to (4/3) ¿5*, as the following calculation shows: 4:ôk^dk^p(xk, yk)ép(xk, x)+p(x, y)+p(y, yk) (4/3)8k+p'(x, y) +(4/3)5*. It follows that the elements of T are in oneto-one correspondence with the totality of sequences {in}, and an elementary argument then shows that the function f(x) =E"2*"n/3" effects a homeomorphism between T and the Cantor ternary set. To show that TQV, it suffices to note that the distance from e to any point of An is less than p(e, ai) + Si + • • • +5"_i<(4/3)p(e, ai). Finally, any element zET-T is the limit of a sequence {b"}, ônE<4»-1-<4n, and if zj^e we have bk = ak±1 for some index k.
Hence p(/3*,z) g 5*+5*+1+ • -■ ^ (4/3)5*g (l/3)p(bk, CC'1), and so z&CC-1.
Therefore T~1TC\CC~1 = e. This completes the proof of Theorem 2.
It may be noted that Theorem 1 does not necessarily hold for (improper) Borel measures that assume only the values 0 and +°°, even when the word "finite" is omitted from the conclusion. We may introduce such a measure by defining m A equal to 0 or +<» according as the Borel set A is of first or second category. This measure is countably additive, left-invariant, and zero for points. But since any Borel set has the property of Baire, any Borel set of second category contains a sphere minus a set of first category (see, for example, Kuratowski [14, §11] In case G is locally compact but not separable, it is customary to consider Haar's measure as defined only for Borel sets which can be covered by countably many compact sets or, equivalently, which satisfy condition (3.5). In such a group Haar's measure is therefore not strictly a Borel measure. However, it can always be extended to a Borel measure, most simply by defining the measure of any Borel set as the least upper bound of the measures of its Haar measurable subsets. But other extensions are also possible (see §7) and so it is desirable to limit the domain of Haar's measure in the above manner in order to preserve the theorem of uniqueness. On the other hand, from any measure m one can derive a measure with the property (3.5) simply by contracting its domain to those sets which satisfy this condition. (It is easy to verify that the family of sets with property (3.5) is a Borel field, that is, that it contains the difference of any two and the union and intersection of any sequence of its members.) Since we shall have frequent occasion to refer to this remark, it is convenient to introduce the following definitions, which are suggested by the usual <r-terminology. In §9 we shall consider another kind of condition that might be added to Problem 1, and shall find that it too renders the problem insoluble in general. It therefore appears that for general complete metric groups (separable or not) Problem 1 demands about as much as is possible for a Borel measure, and it is therefore of interest to show that this problem can be solved.
4. Construction of an invariant measure. We proceed to give a general solution of Problem 1. Other constructions, applicable to special classes of groups, will be considered in §8.
Theorem 3. In any complete metric group which is dense in itself there exists a left-invariant Borel measure.
We shall prove this theorem first in the separable case. The generalization to non-separable groups will be made in §7. The first step in the construction consists in the introduction of a leftinvariant metric in G. Kakutani [12] has shown that any topological group that satisfies the first countability axiom is metrizable, and that the metric can be taken to be left-invariant, that is, such that p(zx, zy) =p(x, y) for all x, y, and z in the group. Consequently, any metric group can be remetrized with a topologically equivalent left-invariant metric. We suppose this done, and for brevity denote the distance between x and y in the new metric simply by (x, y). It is necessary to allow for the possibility that G may be incomplete with respect to the new metric (cf. §6), but this introduces no serious complication.
We first describe a very general type of measure construction (cf. Hausdorff (Condition (4.7) follows from the fact that any set is contained in a G» set having the same outer measure, since only open coverings are employed.) It follows that m*A is a regular outer measure in the sense of Carathéodory [4, p. 238 ] (provided it is finite and positive for at least one set, see below) and therefore defines a left-invariant measure in G. In view of (4.7), this measure is the complete extension of a Borel measure m. We shall say that the Borel measure reí is the measure generated by the measuring system { ¿7", w"}.
We come now to the crucial point in the construction. We need to show that it is always possible to find a measuring system { Un, wn} which generates a measure m such that 0 <mA < +oo for at least one set. It is clear that not every measuring system will do this. For example, in the additive group of real numbers, if Un is an interval of length 1/re, and we take wn = n~2, every set will have measure zero. To secure a non-trivial measure it is therefore necessary to choose the measuring system with some care.
To this end, we shall construct in G a family of sets C(re; t'i,
with the following properties.
The sets C(n;ii, • • • , in) with primary index re will be said to be of rank re.
(
The 2n sets of rank re are mutually congruent.
(iv) The diameter dn of the sets of rank re tends to zero as re-»oo. (v) Any two sets of rank re are separated by a distance greater than dn.
Define C= C(l ; 0)UC(1 ; 1). Then C= \Ah.. .i"C(n;ih ■ • • , in) for each re.
It may be remarked that the family of sets C(re; it, ■ ■ ■ , in) evidently represent C as a dyadic discontinuum (see Hausdorff [ll, p. 134]), and therefore C is homeomorphic to the Cantor set. To construct such a family of sets, note first that since G is dense in itself we can choose a sequence of points x" tending to the unity element e, such that Note that the left-invariance of the metric implies that for arbitrary elements y, yi, and y2 in G we have (e, yiy2) Ú (e, yi)+(yi, yiy2) = (e, yi) + (e, y2).
Also (e, y) = (y~1, e) = (e, y~l). so that (e, y*)^(e, y) if k = 0, ±1. A simple induction then shows that Therefore (u, v) s^3(e, xk)/4^3(e, «n)/4^3d". Consequently any two sets C(«; ii, • • • , in) of rank « are separated by a distance at least equal to 3d", and condition (v) is satisfied.
Finally, C(«; ii, •••,♦*) is totally bounded, since it is the union of a finite number (2 p-") of sets C(p;ii, • • • , ip) having arbitrarily small diameter dp. Any totally bounded closed subset of a complete space is compact, and therefore (i) is satisfied, provided G is complete with respect to the metric (x, y). If this is not the case, G can be embedded isometrically in a complete space G and the same reasoning then shows that the closure of C(n; ii, • ■ •, in) in G is compact. Consequently, the sets C(«; ii, • • • , in) will be compact if they are all closed in G. To ensure this, the sequence {#"}, on which the construction rests, must be subjected to a further condition. Introduce a topologically equivalent metric p(x, y) with respect to which G is complete, and let the sequence xi, x2, • • • be so chosen that it satisfies not only condition (4.8) but also the condition Both conditions are satisfied by any sequence that converges to e sufficiently rapidly. Condition (4.9) implies that for any sequence of subscripts *i, i2, ■ ■ ■ the sequence a,-,.. .," (re = 1, 2, • • • ) is a Cauchy sequence with respect to the metric p, and therefore converges to an element of G. But any point of accumulation of C in ü is the limit of such a sequence. Hence C is closed in G, and likewise the sets C(«; ii, • ■ • , »'"). Thus in all cases we have constructed in G a family of sets having properties (i) to (v). Now consider any family of sets C(re; ii, • • ■ , in) satisfying conditions (i) to (v). We proceed to define a measure such that mC= 1. From condition (v) it follows that there exist positive numbers e", e,-»0, such that any two sets C(n; ii, • • • , in) of rank « are separated by a distance at least equal to ¿"+2e". (In the family constructed above it suffices to take «" equal to d".) Consider the measuring system with £/" equal to the e"-neighborhood of C(re; 0, • • • , 0), and Wn = 2~n. Then diam U"^dn+2en, hence diam Un->0, and any set congruent to Un can overlap at most one set C(re ;iu ■ ■ ■ , in) of rank re.
To show that mC = 1, consider any r > 0 and choose re such that diam Un <r. From (iii) it follows that C can be covered by 2" sets congruent to Un. Hence ¿r(C) ^2nw" = l. To establish the opposite inequality, consider any covering of C by sets of the form &,-t/ni. Since C is compact, only finite coverings need be Therefore wni = 2-n< = 2p-ni/2p ^qi/2p, and soXXiw»,t2;2-»££_iS<el. which
shows that Lr(C) ^1. Thus ¿r(C) = 1 for every positive r. Therefore twC = l and we have established the existence of a left-invariant Borel measure in G. This completes the proof of Theorem 3 in the separable case.
The structure of this measure within the unit set C is easy to recognize. To each point #£C corresponds uniquely a sequence of indices **, i2, ■ • • such that x = f]nC(n; iu • • • , in). If we regard this sequence {in} as an element of the infinite product group C* of the group of order two with itself, with the usual topology [20, p. 51 ], it is not hard to see that this correspondence is a homeomorphism between C and C*, and that the measure m in C corresponds to the normalized Haar measure in C*. Hence the measure m in G may be regarded as an extension of the measure in C defined by this correspondence and the Haar measure in C*. The foregoing construction evidently contains a large degree of arbitrariness. In fact, it associates an invariant measure with any sequence {xn} that satisfies conditions (4.8) and (4.9). If a sequence satisfies these conditions, any subsequence will also satisfy them. In particular, the subsequence \x2n} (» = 1, 2, • • • ) defines a unit set GCC such that ?wCi = 0, where m is the measure associated with the sequence {x"}. Repeated application of this result gives rise to a sequence of measures mi, mi, ■ ■ ■ , where mk is the measure associated with the subsequence {xkw}, k(n) =«• 2*. These measures are all distinct and form an increasing sequence, miA ^m%A g • • ■ for every Borel set A. It therefore appears that infinitely many invariant measures always exist, and there is certainly no uniqueness theorem for the problem of measure we have considered.
In case the group is locally compact, the construction may in some cases generate Haar's measure (see §5). In the additive group of real numbers, however, this is certainly not the case, since conditions (i) to (v) are easily seen to imply that C has Lebesgue measure zero. But in any case subsequences give rise to measures which are not locally finite, and the existence of such measures in any complete separable group is thus established.
5. An example. The preceding construction is illuminated by the following example, which also serves to illustrate some of the peculiarities that a measure may exhibit. Let G be the complete infinite product group of the additive group of integers with itself or, equivalently, It is easy to verify (see §10) that G is a complete separable group with respect to this metric, and that the metric is invariant. Not only is G not locally compact, but no non-denumerable subgroup is locally compact. Let xn be the sequence {£».}, with £",-= 0 for i^n and £"" = 1. The sequence of elements xt, x2, • • • satisfies condition (4.8) and it is easy to follow through the construction, with the result that C is the set of all elements x with £i = 0 or 1, and Un is the set of elements x with £i = £2= • • • =£n_i = 0, that is, the closed subgroup generated by xn, xn+i, • • • . The resulting measure m within C corresponds to the Haar measure in the group C*, as already noted. (Indeed we may identify C* with the set C, using the same metric but taking addition modulo 2 in each coordinate.
The measure in C* generated by the sequence #1, xit --■ is then equal to the normalized Haar measure in C*. Consequently this is one group in which it is possible for the construction of §4 to generate Haar's measure.) Now consider the set BQG consisting of all x with £i = 0 or ±1, that is, in additive notation, the set C-C. Using the invariance, and the fact that mC=\, one may show that mB = + 00 , and verify the following assertions: Haar measure. We shall return to this remark later.
6. On the notion of completeness. A few remarks concerning the notion of completeness in groups may be in order. We have used the term "complete group" to mean a metrizable group that is complete with respect to some metric. Let us call this notion topological completeness. Van Dantzig [6] defines a group to be complete (komplett) if it has the property: If *"a:m_l-»e then there exists an x such that xn-*x. An equivalent^) statement of this condition is the following:
If #"-1a:m-->e then there exists an x such that xn->x. This is the same as requiring metric completeness with respect to some (and therefore every) left-(or right-) invariant metric.
For abelian groups the two kinds of completeness are equivalent (see below), but in general the condition of van Dantzig is stronger, as the following example shows. Let G be the group of automorphisms (self-homeomorphisms) of the closed unit interval. This group is complete with respect to the metric Pi(T, S)=max\Tx -Sx\-r-max\T~1x -S-1x\, but not with respect to the (right-invariant) metric(6) p2(T, S) =max| Tx -Sx\. Nevertheless these two metrics are topologically equivalent, since in both cases Tn-*T means uniform convergence [22, p. 104] . Hence this group is topologically complete but not complete in the sense of van Dantzig. Moreover, it cannot be embedded in a complete (komplett) group. Indeed it can be asserted quite generally that for groups that can be completed in the sense of van Dantzig the two kinds of completeness are equivalent. For suppose G is topologically complete and that it can be embedded as a dense subset of a "komplett" group G. Then G is a dense Gj subgroup of G and therefore coincides(6) with G. Van Dantzig has given a necessary and sufficient condition that a group can be embedded in a "komplett" group, and this condition is satisfied by any abelian group. Moreover, any locally compact group is complete in both senses. Therefore (*) Note however that the conditions eä-1->e and xn-xxm-»e are not equivalent. See the example in footnote S.
(6) For example, the sequence of automorphisms Tn, where Tn is the piecewise linear transformation that carries 0, 1/2, 1 into 0, (2n -l)/2n, 1 respectively, is a Cauchy sequence in the second metric but not in the first. It also has the property that 2"n7"m_1->I but Tu~lTm does not converge to /, where / denotes the identity transformation.
The latter property can also be expressed by saying that Tn is a Cauchy sequence in the right uniform structure of G, but that Tn is not. This same example thus serves to answer a question raised by for such groups there is no distinction between the two kinds of completeness.
It therefore appears that after remetrization with a left-invariant metric a complete group may be incomplete with respect to the new metric, as remarked at the beginning of the proof of Theorem 3, and we see that whenever this complication arises it is unavoidable. 7. Extension of an invariant measure from a subset. We have observed that the measure constructed in §4 can be regarded as an extension of a familiar measure within the unit set C, namely the measure corresponding to Haar's measure in the group C*. Within the set C the measure is invariant in the sense that congruent subsets of C have equal measure. In this section we shall consider the general problem of extending an invariant measure from a subset, with a view to obtaining new methods of solving Problem 1. It should be noted that in the following theorem the group is not assumed to be complete or separable. To show that v is an extension of m, and therefore that v is finite and positive for at least one set, consider any Borel set A C/7, and suppose that (7) Cf. Kolmogoroff [13] , where an analogous theorem is proved. If m has the property that m.4=sup mB for Borel sets BQA with mB < + oo, it is clear that X will also have this property.
The maximal and minimal measures are not in general equal, nor do they ■even have the same «r-finite contraction.
For example, in the additive group of complex numbers, let H be the subgroup of real numbers with ordinary linear measure m, and let P denote the set of pure imaginary numbers. It is easy to verify that XP = 0 and yP=+oo.
Consequently the extension of a measure from a subgroup is not in general unique, though it is unique within each left-coset. It follows that a Borel measure is not in general determined uniquely by specifying a set of unit measure, in contrast to the situation in the case of Haar's measure in separable groups. As another example, consider the group of §5. The measure m there defined is neither the maximal nor the minimal extension of a measure equal to m within the set C. To see this, consider any countable dense set A in G. By (4.7) there exists a dense G¡ set 404 with mAi = 0. But from the definition of v it is clear (in this instance) that every set of second category will have infinite measure. Hence vAi = +«>. On the other hand, let Ai be the set of all x in G whose coordinates £,-are all equal to 0 or 2. Any set congruent to C contains at most one point of Ait and soX42 = 0. But it is easy to verify that mAi = l.
As a first application of Theorem 4 consider any locally compact metrizable group G with Haar measure m, and take for 77 an open neighborhood of unity with compact closure. It is easy to show that the maximal and minimal extensions of m from 77 are equal for all sets in the domain of m, indeed this follows from the uniqueness theorem. Moreover, m is equal to the cx-finite contraction of X (but not in general of v). If the group is non-separable, the maximal and minimal extensions are certainly not equal for all Borel sets. Indeed, since the subgroup Gi generated by 77 is an open subgroup of G with non-denumerably many cosets (because Gi is separable), it follows that any set A containing one and only one element of each left-coset of Gi is closed and that \A =0 and vA = +<». This justifies the remark made in §3 concerning the necessity of limiting the domain of Haar's measure. In a non-separable locally compact group it is not true that any two locally finite left-invariant Borel measures differ by a constant factor.
As a second application of Theorem 4 we can complete the proof of Theorem 3, which was proved in §4 only for separable groups. In a non-separable group one need only select a countable set that has at least one point of accumulation and take the closure of the subgroup generated by this set. The construction of §4 applies to this subgroup, which is separable and complete, and then Theorem 4 can be used to extend the measure to G.
Special methods for defining invariant measures. In this section we
shall consider some special methods for solving Problem 1. These methods, based on Haar's theorem, are somewhat more obvious than the construction used in §4, but they are not as general.
Theorem 5. If a metric group G contains a locally compact subgroup 77, dense in itself, then there exists a left-invariant Borel measure in G which is an extension of Haar's measure in H.
To prove this, one need only take Haar's measure in H, or a Borel extension of it to 77 in case H is not separable, and then extend it toG. Theorem 4 applies since a locally compact subgroup is necessarily closed in G. In fact, the hypothesis can be weakened. It is sufficient to assume that 77 is isomorphic to a locally compact group 77*, dense in itself, by a correspondence that makes Borel subsets of 7/ correspond to Borel sets in //*. Then Haar's measure in H* defines a Borel measure in 77 which can be extended to G.
It should be noted that in one respect Theorem 5 is more general than Theorem 3, since it does not require.that G be complete. But a complete group does not necessarily contain a locally compact subgroup which is dense in itself, as is shown by the example considered in §5. Consequently the method of proof used here does not suffice to prove Theorem 3 in full generality. In case 77 is a normal subgroup of G, still another method is available for introducing an invariant measure in G. Let { Un\ be a complete system of neighborhoods of e in G, and let Vn= UnC\H. The sets V" satisfy the requirements for a system of neighborhoods of unity in a group. (According to Weil [24, p. 9] , the following four properties characterize a system of neighborhoods Fin a group:
GT I. The intersection of the sets V is e.
GT II. For each V and V there exists a set V"C Vf~) V. GT III. For each V there exists a set V such that V'^V'CV.
GT IV. For each xÇlG and each V there exists a set V such that V'CxVx-1.
It is easy to verify that the sets Vn satisfy these conditions.) Let G denote the group G with the topology defined by the system of neighborhoods { Vn]. Within H, or any coset of //, the two topologies coincide, but in G the subgroup 77and its cosets are open as well as closed. Consequently G is locally compact, and any Borel set in G is also a Borel set in G. On the other hand, any Borel set in C that can be covered by countably many compact sets in S is a Borel set in G. Therefore the Haar measure in G defines a measure in G whose minimal Borel extension is a Haar-Borel measure in the sense of the following definition. We have proved the following theorem. Theorem 6. If a metric group G contains a locally compact normal subgroup H, dense in itself, then there exists a Haar-Borel measure in G which is an extension of Haar's measure in 77.
As a matter of fact, the method just used to prove Theorem 6 can be subsumed under that used in proving Theorem 5, for it is easy to see that it leads to the same measure as would be obtained by taking the minimal extension of the Haar measure in 77. However, the minimal extension of a Haar measure from a subgroup which is not normal is not necessarily a Haar-Borel measure (see §12, examples (b) and (c)), and so the conclusion of Theorem 6 is essentially stronger than that of Theorem 5.
In the proof of Theorem 6 the hypothesis that 77 be normal was needed only to verify that the sets Vn satisfy condition GT IV. For this purpose the following weaker hypothesis is sufficient (and also necessary).
To each x in G corresponds a neighborhood U of unity such that UCsHCxHx-1.
Hence this condition on H can be substituted for normality in the hypothesis of Theorem 6. No change is required in the proof except to replace "coset" by "left-coset."
The special properties that distinguish Haar-Borel measures can be better understood after we have considered a somewhat more general class of measures studied by Weil, which we shall discuss in the next section.
9. Concerning Weil's converse of Haar's theorem. A. Weil [24, pendix I] has proved the following converse of Haar's theorem. Given a group G without a topology but with a left-invariant measure that satisfies certain conditions, one can use the measure to define a topology in G such that G can then be embedded as a dense subgroup of a locally compact group G. Moreover, the given measure in G corresponds to Haar's measure in G in the sense that any continuous function which vanishes outside a compact set in G has the same integral when integrated over G by means of the given measure as when integrated over G by means of the Haar measure. At first sight, this result appears to suggest that the problem of defining a left-invariant measure in any group is equivalent to the problem of defining a suitable topology in the group, and that every invariant measure is essentially a Haar measure. But we have seen ( §5) that there exist invariant measures with properties quite unlike those of a Haar measure. To resolve this apparent contradiction we must examine more closely the assumptions underlying Weil's theory.
In the first place, Weil assumes that the given measure m is «r-finite. Let the Borel field on which it is defined be denoted by X. Let GX.G denote the direct product of G with itself, and let X2 be the least Borel field of subsets of GxG that includes all product sets of the form AXB, where A GÏ and BÇ.X. Weil's further assumptions are as follows: (M) The Borel field £2 is invariant under the transformation (x, y) -*(y~lx, y) of GXG into itself.
(M') For each s(E.G, Sy¿e(*), there exists a set .4GÎ with finite positive measure, such that m(A(~\sA) <mA.
Of these assumptions, condition (M) is much the more important, and also the more difficult to understand.
One might be tempted to think that any Borel measure would satisfy it; indeed if X were the family of all Borel sets in G, X2 would be the family of Borel sets in GXG, and this family is invariant under the transformation in question. But since a Borel measure is not in general a-finite, we must take for X a proper subfamily of Borel sets, and when this is done the invariance of X2 ceases to be evident. It turns out, in fact, that «r-finite contraction of a Borel measure may or may not satisfy (M).
The second assumption (M') is relatively unrestrictive. It is satisfied by any Borel measure in a separable metric group, since any neighborhood contains a set with positive finite measure.
For convenience we introduce the following definitions. Weil [24, §11] has shown that any Haar measure is a Weil measure. Consequently, any Haar-Borel measure is a Weil-Borel measure.
The principal results of Weil's theory can now be stated more fully as follows. Given a group G with a Weil measure m defined on a Borel field % of subsets of G, let Xo denote the class of sets with finite positive measure.
Then the sets A A'1, AElo, fulfill the requirements (GT I to GT IV of §8) for a system of neighborhoods of unity in a topological group, and thus define a topology in G. Moreover, in this topology there exists a "totally bounded" neighborhood of unity, that is, a neighborhood U which can be covered by a finite number of sets congruent to V, where V is an arbitrary neighborhood of unity. If G is not already complete with respect to this topology, it can be completed to form a locally compact group G containing G as a dense subgroup. The given measure in G then corresponds to a Haar measure in G in the manner previously described. Instead of defining the topology by means of the sets AA~X, it is shown that one may use an equivalent system of neighborhoods consisting of all sets W(A, e), -4E£o, «>0, where W(A, e) is the set of all sGG such that m(AT\sA)^mA -(e2/2).
Returning now to the group considered in §5, and the measure there defined, property (5.4) shows that if e<l the set W(C, e) contains only the element 0. Hence the "topology" defined by these neighborhoods can only be the discrete topology. The corresponding Haar measure is not zero for points and therefore not equivalent to the given measure. This is not in accordance with Weil's conclusions, and so the Borel measure defined in §5 cannot be a Weil-Borel measure. It follows that the cr-finite contraction of this measure must fail to satisfy condition (M), although it seems to be difficult to show this directly. Moreover, we shall show in §10 that this group is one of a class of groups in which no Weil-Borel measure can exist. Consequently, the problem of defining an invariant Borel measure whose cr-finite contraction fulfills Weil's postulates is not in general soluble in groups which are not locally compact. This refinement of Problem 1, unlike those considered in Problem 2, is however soluble in some such groups, as is shown by Theorem 6. It is clear, then, that G is complete with respect to this metric. It may be noted also that the metric is both left-and right-invariant. Furthermore, the subset 5 consisting of all x in G with only a finite number of components different from unity is a countable dense set in G. Hence G is a complete separable metric group. Furthermore, G is zero-dimensional, since the spheres defined by p(e, x) ^10_n are both closed and open. G is compact if and only if all the groups Ti are finite. G is locally compact if and only if all but a finite number of the groups T,-are finite. If infinitely many of the groups r< are infinite, then G is nowhere locally compact, and in this case G can be shown(') to be homêomorphic to the set of irrational numbers. We shall call G the complete direct product of the sequence of groups T". Theorem 7. ¿ei G be the complete direct product of a sequence of countably infinite groups Tn (re = l, 2, • • • ) none of which contains an element of finite order. Then no Weil-Borel measure can exist in G.
To prove this, suppose that m is a Borel measure in G whose «r-finite contraction is a Weil measure. Let Xo denote the class of sets A with 0 < re/4 < oo. Then, according to Weil, the sets .4.4-1, AÇzXo, may be taken as neighborhoods of unity in a new topology, and in this topology there exists a neighborhood U of unity which is such that it can be covered by a finite number of sets congruent to V, where V is an arbitrary neighborhood of unity in the new topology. We shall obtain a contradiction by showing that this property cannot hold.
Since m is a Borel measure in a complete separable space, Lemma 1 shows that an equivalent system of neighborhoods is provided by the sets CC-1, where C runs over all compact sets in Xo-(Throughout the present proof the term "compact" refers always to the original topology in G.) Hence we may assume that the neighborhood [/is of the form U= CC-1. Let F be a neighborhood of unity in the new topology such that V*dU. We may assume that F=CiG_1, where G is compact and in Xo, whence it follows that V is compact.
Let G" denote the subgroup of G consisting of all elements whose first re -1 components are equal to unity. (The sets G" constitute a complete system of closed open neighborhoods of unity in the original topology in G.)
Consider the sets Vn=VV-ir\Gn (« = 1, 2, • • • ). Evidently VnDVn+i, and n»F" consists of unity alone. Furthermore, each of the sets F" is infinite; for if x is any point of accumulation of the compact set V, then e is a point of accumulation of Vxr1, and therefore Vx~ir\Gn is an infinite set contained in Vn. It follows that Vn+i is a proper subset of F" for infinitely many indices re, say for «i<«2<re3<
• • • . Thus, for each k, Vnt contains elements whose (*) According to a theorem of Alexandroff and Urysohn [l, p. 95 ], any metric space which is complete, separable, zero-dimensional, and nowhere locally compact is homêomorphic to the set of irrational numbers. »*th component is different from unity. Let Bk be the subset of Tnk consisting of all values assumed by the w*.th components of elements of Vnk. (Bk is the "projection" of Vnt on T"k.) Since Vnk is compact, Bk is finite. Let a be an element of Bk different from unity, and consider its successive squares a, a2, a4, a8, • • • . These elements are all distinct, since by hypothesis r"t contains no element of finite order, and so only a finite number of them belong to Bk. Let ß denote the first element of the sequence whose successor does not belong to Bk, and let xk be an element of V"t whose «*th component is equal to ß. Then xk has the property that no element of V"t has its «*.th component equal to that of yk, where y k denotes the square of the element xk. Now consider the sets An = ynV (» = 1, 2, -• • ). These sets are disjoint, for suppose xÇ^AkC^A,-, with k <j. Then x =ykVi = y,i'2, where i>iE Fand v2E V. Hence yi_1y* = !'2*'i~1EFF_1; and since the first nk -1 components of Xk and Xj are equal to unity, we have also yj~xykE.G"k, and therefore y;_1ytEFni. But since the «*th component of x¡ is equal to unity, the »*th component of yf^yte is equal to that of yk-This contradiction shows that the sets A i, A2, • • • are disjoint. But these sets are all congruent to V and are contained in V3. Consequently, U contains infinitely many disjoint sets each congruent to V. It follows that U cannot be covered by a finite number of sets congruent to V.
(To prove this last assertion, suppose UCbiWJbiVU • • • \JbnV, and consider the sequence yi, y2, y3, • • • . These elements are all contained in U, since eE V; and so at least two of them, say yk and y,-, are contained in the same set biV. Thus we have yk = biVi and y, = &i*>2, whence bi=ykVi~1 = y,Jo2~1. Since V= F_1 it follows that biC.Ak(~^A¡, contrary to the disjointness of these sets.)
In Theorem 7, the assumption that the groups Tn do not contain elements of finite order cannot be greatly relaxed. Indeed, if each group Tn (or, at least, infinitely many of them) contains a finite normal subgroup K" of order at least 2, then G contains a compact normal subgroup isomorphic to the complete direct product KiXKiX ■ • • , and under these circumstances Theorem 6 shows that G does admit a Weil-Borel measure. Consequently we can state the following theorem. Theorem 8. // G is the complete direct product of a countable abelian group T with itself infinitely many times, then in order that G should admit no WeilBorel measure it is necessary and sufficient that T contain no element of finite order.
It follows that in the group considered in §5 no Weil-Borel measure can exist.
11. Various topologies in the group of real numbers. The additive group of real numbers, regarded as an abstract group R, is known to be uniquely characterized as an abelian group with the following three properties:
(11.1) R contains no element of finite order. (R is torsion free.) [September (The first two properties imply that division by a positive integer is universally possible and unique, therefore that the group admits the additive group of rationals as operators (cf. [8] ). By the axiom of choice, there exists a Hamel basis [9] and the group is uniquely determined by the cardinal number of this set. The third condition ensures that any Hamel basis has the power of the continuum.)
Now, let T be the additive group of rational numbers, and let G be the complete direct product of T with itself infinitely many times. It is easy to verify that G has the three properties stated above, and Theorem 8 shows that G admits no Weil-Borel measure. Hence it is possible to topologize the additive group of real numbers so that it becomes a complete separable non locally compact metric group with the property that it admits no Weil-Borel measure.
On the other hand, the additive group H of vectors in Hubert space likewise has properties (11.1) to (11.3). Any finite-dimensional linear manifold is a locally compact normal subgroup of H, and so determines a Haar-Borel measure in H, by Theorem 6. In a similar way, the additive group of vectors in any finite-dimensional euclidean space En is algebraically isomorphic to the group of real numbers. Each of these topologies defines a corresponding Haar measure in 7?, namely, the re-dimensional Lebesgue measure. Moreover, as Halmos [8] has remarked, the character group of the discrete additive group of rational numbers is an example of a compact group isomorphic to 7?. Likewise the direct product of this group with itself a finite or countably infinite number of times has the same property. As a matter of fact, from Pontrjagin's theory [21] of character groups it is not hard to show that all possible compact separable topologies in the additive group of real numbers are included in the sequence just described. For if G is a compact separable group algebraically isomorphic to 7?, its character group Y is discrete, countable, torsion free, and divisible. Hence the number a of elements in a Hamel basis in V is either finite or countably infinite. Accordingly, V is isomorphic to the direct product of the rational group with itself a times. From the duality theorem for character groups it follows that G is isomorphic to the character group of T. Moreover, the decomposition of T into a direct product of rational groups corresponds to a decomposition of G into a direct product of groups each isomorphic to the character group of the discrete rational group [21, Appendix I], and the dimensionality of G is equal to a. Thus 7? can be given one and only one compact separable topology of dimension a, where a is any positive (10) This conclusion follows even more directly from another theorem of Pontrjagin [21, p. 387], according to which the character group of a discrete countable group r is zero-dimensional if and only if all the elements of r are of finite order. integer or oo. But it cannot be given a compact zero-dimensional topology (10) , that is, it cannot be given the topology of the Cantor set. (Any infinite topological group which is compact, separable, and zero-dimensional is homêo-morphic to the Cantor set. For since it is homogeneous, it must be dense in itself; and the Cantor set is characterized, up to homeomorphism, by the properties of being compact, separable, zero-dimensional, and dense in itself.) Thus we see that various topologies in the group of real numbers illustrate most of the conceivable possibilities. It can be given infinitely many distinct compact topologies, each with corresponding finite Haar measure; it can be given infinitely many distinct locally compact topologies, with corresponding infinite (but a-finite) Haar measures; or it can be given a complete separable non locally compact topology that admits many distinct Haar-Borel measures, and also one that does not admit even a Weil-Borel measure. It is clear that no uniqueness theorem for Weil's measure in abstract groups is to be expected (u).
This example illustrates strikingly that the non-existence of a Weil-Borel measure in a given topological group in no way implies the non-existence of a Weil measure in the corresponding abstract group. The problem of determining what groups admit a Weil or Haar measure is not solved by the present investigation.
In view of Weil's results, this problem is closely related to the problem of determining what groups admit a" locally compact or locally totally bounded topology. What our investigation does show is that Problem 1 cannot be solved in general in this way.
12. Other examples, (a) Euclidean n-space En regarded as an additive vector group. One may take the ordinary ¿-dimensional measure in a linear subspace Eh (i^k<n) and extend it by "Theorem 6 (or, equivalently, by taking its minimal extension X) to obtain examples of Haar-Borel measures in E". The measures so defined will not be invariant under rotations of E», but certain other Borel extensions will be. For example, the ¿-dimensional measures defined by Hausdorff [10, p. 163] and Carathéodory [5] are invariant under any rotation or translation of En. However, unlike those considered above, these extensions of the measure in Ek are not Weil-Borel measures. Indeed, no extension of the measure in Ek can be invariant under rotation and also be a Weil measure. To see this, notice that Ek can be rotated into a linear manifold E¡¡ which intersects Ek in a manifold of lower dimension, and observe that Weil neighborhoods determined by subsets of Ek and Ek intersect in sets of measure zero, contrary to the neighborhood axiom GT II. Similar considerations apply to Hubert space, where, for example, Cara-(u) Weil proves a theorem [24, p. 148 ] to the effect that on the intersection of their respective domains of definition, two Weil measures in a group can differ at most by a constant factor, provided this intersection contains at least one set that has finite positive measure in both measures. This kind of conditional "uniqueness theorem" is of course not excluded by the above considerations.
